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Abstract : Nucleon exchange in the composite particle scattering is systematically in-
vestigated by analyzing the norm kernel, Importance of a few nucleon exchange in the
peripheral region of the scattering is shown. The nucleon number exchanged increases as
a composite particle system becomes heavier.

§ 1. Introduction

In a composite particle scattering the Pauli principle becomes important, Although the
conventional optical potential is useful, such a phenomenon as backward angle anomaly has
not been understood in this framework,'>*) It seems necessary to study the composite particle
scattering in the microscopic theories which take into account the Pauli principle. Recent
progress® in the resonating group method and the generator coordinate method has made
it possible to treat the composite particle scattering including nuclei heavier than the 0Os—
clusters. It is laborious, however, to treat a heavier system in the full microscopic theories.

Saito’s orthogonality condition model (OCM)*, which is approximated from the resonating
group method, is a powerful and tractable microscopic model. It has been successfully and
widely applied®’>*) to the study of the composite particle scattering and the cluster structure
of light nuclei. The OCM takes into account the Pauli principle in the overlap region by
excluding the forbidden states from the model space.

As the composite particle system becomes heavier, it seems necessary to take into con-
sideration further the exchange effect not included in the OCM in the peripheral region.
It is interesting to study the exchange effect paying our attention to the nucleon number
exchanged in the scattering process.®»” In the present note we systematically investigate
the nucleon number exchanged in the composite particle scattering including not only the
light nuclei but also the heavier nuclei by analyzing the norm kernel,

In § 2 the eigenvalue problems of the norm kernel are solved and the properties of the
eigenvalues are discuésed from the viewpoint of the nucleon number exchanged. Concluding
remarks are given in § 3.

§ 2. Eigenvalue of the norm kernel and the nucleon number exchanged

We consider first the eigenvalue problem of the norm kernel for the alpha+nucleus system.
The norm kernel and the eigenvalue equation are given by

<hgl d (R (7)) > = (1=K ) x.(r), (1)
(=KX () = X5 (r) ) @

where  is the antisymmetrization operator and h,=gué Y 1(0), 9a 94 being the internal
wave functions of the alpha and the target nucleus respectively and assumed to be the har-
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monic oscillator functions with a common width parameter, The eigenfunction X ¥ is the
harmonic oscillator wave function with quanta N and its eigenvalue #y is independent of
the orbital angular momentum L in the cases of the closed shell nuclei.

From the viewpoint of the nucleon number exchanged, the eigenvalue #y can be written
as

4
‘L(N_: nZ:o ‘uN(n) . (3)

Here » means the nucleon number exchanged between two composite particle nuclei and
£, is the eigenvalue of the norm kernel corresponding to the 7 nucleon exchange. The
eigenfunction is also the harmonic oscillator wave function,?®

The eigenvalue problems for the closed shell target nuclei of 0, #°Ca and 3°Zr are solved
and the eigenvalues for # nucleon exchange are given as follows :

for a+*0
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Here 87y is a closed shell nucleus in the sense it fully occupies the oscillator state of quantum
number N =3,

The calculated eigenvalues of the norm kernel are shown in Fig. 1 together with the a+ta
system. For the a+a case the eigenvalue of the first allowed state is very large having
#=0.75. As the mass of the target nucleus increases the eigenvalues of the first allowed
states become rapidly small, This corresponds to a degree of development of the alpha cluster
structure in nuclei as follows: The ®Be nucleus has a typical well developed cluster structure,
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Fig. 1. The eigenvalues g, of the norm kernel for ata, a+180, a+4%Ca
and a+8Zr. The forbidden states are indicated by white circles.
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while 2°Ne has not a well developed a+*0 cluster structure but has a transient character
between molecule-like structure and shell structure, For **Ti it is considered to have a
shell structure in the N =12 quantum state, If a cluster structure could arise, it would be
expected at the high excited energy region which correspnds to the second or the third
allowed states. In the mass region of A=80 it will be difficult to expect a cluster aspect
in the first allowed state whose eigenvalue is less than 0.1, This state can be considered
as an almost forbidden state,

Next we investigate the eigenvalues of the norm kernel deviding into each nucleon ex-
change. In Table I the calculated eigenvalues of a-+%°Ca and «-+3%Zr for each nucleon
number exchanged are given. It is clearly seen that one nucleon exchange is dominant in
the allowed states and the eigenvalues decrease rapidly as the nucleon number exchanged
increases. Although in the «+'0 system the four nucleon exchange part is greater than
the three nucleon exchange one, in the present a+%°Ca and a-8%%7r systems the former is
smaller than the latter. Therefore the situation seen in the a@-+°0 system is not in general.
The eigenvalues of the three and the four nucleon exchange are some orders of magnitude
smaller than the one nucleon exchange,

In the a+4%%Ca case the total eigenvalue #y is closely approximated by the sum of the
zero, one and two nucleon exchanges in the N=12~16, and for the N=16~30 only one
nucleon exchange is dominant, If the oscillator width parameter is taken as »=0.14 (Fo

2
= 2v), the effective range of the harmonic oscillator wave function of N=12 roughly cor-

responds to 3.64 fm and N =16 to 4.15 fm, according to 1/ <X ¥ |r?| X0 > =V (N+3/D/27r

1A
=~..__v)_
A+4
‘When the two nuclei of &« and *°Ca are coming near first one nucleon exchange effect

(r

appears around the contact region, Coming near further each other two nucleon exchange
effect also arises. In the effective range of the allowed states more than three nucleon ex-
change effect is negligible. This situation also holds for the «+®'Zr and a-+*0 systems.
We proceed to the further heavier systems including the 0 nucleus as a projectile
and study the ¥0+4°Ca and ¥0+8Zr systems. The eigenvalues of the norm kernel are

expressed as follows :

16
b= 20 #y™ (7)

and for ¥O+4°Ca
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Table I. The eigenvalues py™ for a+%Ca and «+3Zr. The total eigenvalues g, are also

(a) a+%Ca
N| 0 2 4 6 8 | w0 | 1 | u
. pp®| =40 | —40 | —3.736| —3.157| —2.462| —1.808 | —1.269 | —0.860
ven
, en®@| 6.0 6.0 5.208 |  3.520| 1895 | 0.859 | 0.343| 0.125
parity
ax®| =40 | —40 | —3.208| —1.573| —0.405| —6.29% | —7.008 | —6.23*
PRI 1.0 0.736 | 0.208] —2.83 | 1212|221 162
P 0.0 0.0 0.0 0.0 0.0 0.0 6.912 | 0264
N 1 3 5 7 9 S
i pp®| =40 | —3.917| —3.474| —2.812| —2.124| —0.152| —1.049 | —0.701
ity || 80 5.750 | 4421|2649 | 1300 0.550| 0.209 |  7.322
arity
py®| —40 | —3.750 | —2.421| —0.862| —0.168| —2.172 | —2.143 | —1.75%
PRCIEEN 0.917 |  0.474| 2522 | —8.08% | —6.19% | —6.42% | —3.665
. 0.0 0.0 0.0 0.0 0.0 0.0 0.157 | 0.372
(b) «t+89Zr
Nlooo o e ] e 8 | 1 | 1 | u
. pn®| =40 | —40 | —3.981| —3.802| —3.473 | —2.984| —2.439| ~L911
ven
_ @ 6.0 6.0 5,043 | 5.465| 4427 | 3.097| 1.885|  1.018
parity
pp® —40 | 40 | —3.943| —3.465 | —2.437 | —1.242| —0.437| —0.111
pe® 10 Lo 0.981 | 0.822| 0.482 | 0129 —8.46% |  3.943
. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
N o1 3 50| T 9 | 1 oo
o ap® =40 | =40 | —3.925] —3.669| —3.241| —2.713 2170 1668
_ up®| 6.0 6.0 5.775 | 5.008 |  3.771 | 2.455|  L404|  0.720
parity
py®| =40 | —40 | —3.775| —3.008| —1.820| —0.771| —0.229 | —5.072
an®| 10 1.0 09251 0.669| 0.290| 2.85% | —6.18% | —1.243
. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
N2l =l Zk l A l 1 popores s 1 s
VTR =k — =N ¢ L sy _ 1
S 50 20T
TEE B\ (g 1 v 3 ¢ 3 e N1
22 ) ) () > @
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shown. A small figure denotes minus power of 10, for example —0.246%=—0.246X107%,
16 18 20 22 24 26 28 0 | w2 | w
—0.567 | —0.366 | —0.231| —0.144 | —8.86% | —5.392 | —3.24%2 | —1.94z | —1.152 | —6, 75
4.2 1. 352 4,128 1,218 3. 454 9, 585 2.605 | 6.915 | 1.816 | 4657
—4.735 | —3.198 | —1.967 | —1.128 | —6.0610 —3.1211| —1 5412 —7 3314 | —3,3915) —1, 5216
7. 648 2. 767 8. 29° 21710 s 10t2) 10| 22318 4.257] 7,719 13420
0.475 | 0.648 |  0.773 0. 857 0.912 0.946 | . 0.968 | 0.981 | 0.989 | 0.993
17 19 21 23 5 | | | s | ’ 35
—0.456 | —0.291| —0.183 | —0.113| —6.922 | —4.192 | —2.512 | —1.492 | —g 818 | —5.17%
2. 402 7,503 2. 248 6. 49¢ {, 824 5. 005 1345 | 3.548 | 9.187 | 2.357
—1245 | ~T.997 | —4.738 | —2.63% | —1.3410] —6.9612] —3.3718| —1.581 | —7 2118| —3, 2117
—1.495 | —4.88% | —1.36° | —3.371| —7.5813] —1.58 | —3.101| —5. 7618 | —1,0219 —1, 752
0.568 | 0.716 |  0.819 0. 887 0.931 0.958 |  0.975| 0.985| 0.991{ 0.995
16 18 20 2 24 26 28 ] 0 | % 34
—~1.445 | —1.060| —0.758 | —0.530 | —0.364 | —0.246 | —0.164 | —0.108 | —7.012 | —4. 52
0.498 | 0.225 9. 472 3. 782 1. 442 5. 243 1858 | 6.32¢| 2.114| 685
—2.192 | —3.53% | —4.90% | —6.025 | —6.695 | —6.877 | —6.58% | —5.959 | —5.1310| —4 931
2. 824 8. 266 1517 2,03 2191|200 1618| 1 16w| 7.6420| 4 6822
3.212 0. 162 0.337 | 0.508| 0.650 |  0.759 0.838 | 0.893| 0.930| 0.955
17 9 | 2 23 25 27 29 ‘ 3| 3 | 3
—1.241| —0.899 | —0.635| —0.440 | —0.300| —0.200 | —0.133 | —8.712 | —5.642 | —3.612
0. 338 0. 147 6. 02 2.342 8,718 3,128 108 | 3.66% | 1.20¢| 3.885
—8.98% | —1.34% | —1.74¢| —2.035 | —2.165 | —2.147 | —1.998 | —1.769 | —1. 4810 —], 20u
—5.205 | —1.176 | —1.818 | —2.1610| —2 1312 —1. 8214| —1,3818| —9 5119 —g (321 —3, 5828
8. 72 0. 247 0. 425 0. 583 0. 709 0. 802 0.868 | 0.913| 0.944| 0.964

where a=3n+i+I—3p+qg—3r—s—3t+utv,
The first allowed states are N=24 for ¥0+10, N =40 for ¥O+*°Ca and N =56 for 10

+3%r,

with the *¥0+%0 case,
increases as the composite particle system becomes heavier,

The calculated total eigenvalues for *0+%%Ca are shown in Fig. 2 in comparison
It is clearly seen that the number of the almost forbidden states
The quantum number where

4y becomes one half is very large in comparison with the alpha+nucleus system; N=42
for ¥*Q+*¥0 and N =80 for ¥0+*%Ca. For the **O+8Zr case the eigenvalues of the almost



32 BREKFRELE BRBER HITS

Table II. The eigenvalues of g™ for ¥Q+%Ca, Only the eigenvalues of even

N | o 2 s e | s o] 12| 1 |te s 20| 22|

py® | 60| <1585 | =102 | 1436 | <0308 | <139 | <104 | <1056 | <902 | 89T | 829 | <168 | .12
pe® | 0| LT WeA | 59| 09| 63| 895 | S04 [ 4038 | 3602 3056 | 26.00 | 207
py® | S0 |-SY | -0 | 065 | S350 | -S| -6 | -MAS | -LI09 | -85.08 | 65,83 | -50.98 | <30.58
py® | B0 US| MILT | 1BLD | 00| S| 400 | US.E | 03| DBLE | SLSE| 679 | A4S
a0 | IS0 | LY | <3603 | <ISHLY | ~9ID 4000 | 3680 | ~15.T | <1389 | ~85.66 | 5200 | ~30.63
py® | MR | TSI ] SMLD | M3 AT WNS9 | 65k | 3806 [ 1883 | WLD| ShM| W19 | 1555
™ | UL | -106T | 6808 | 0L | 080T | <00 | -SILL [~ |~ | SS0ST | ~IAL | <105 | =L6S
px® | IBIN0 | UGS | 80662 | 20| 16610 TSLO | 5.6 | LA | 96| I6TL[ 625 LI | 0805
e ® | U0 | =105, | =6601 | <06LL | <129 | WL | =lRS | <3003 [ 1136 | <340 | 0977 | <0066 | =6.79%
agOO | B0 | TMLG | RS WOLT | WL A | S| L) LT | 03| 08| LuE) L
px0 |06 | <0002 | -U6LE | SIS | 1| <R | ~48S | 09 | -LL | -L3R | -L0e | <6815 | 1
pnt® |00 L0 | B8 W3] 268 S| omm | nlsr| ame|-Lus | S0l S5 | 608
py9 | S0 | 903 | 8 | LT3 | -Ld | <0305 | R90% | L6 |1 | L8] 6505 | -2.38¢ | 0188
py® || 89| WS | RS b LR -L3P | <L09® | LI5S -LE | -L1 | 35| S48
pp® | G0 | S0 | <S5 | GdIZ | LA LS| LTS LTS | 6t | LT | LI | L5

s 1.0 0.847 0.287 | —0.062 | -).45¢ 3104 .39 =3.97¢ 0 3.06% | -108% | -4.585 | LB LIS
e 0.9 0.0 0.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

1'0 T T T T

16
}lN lso +'0
0.5 i
I604—40(}:1.
0 i
29 30 40 . 50 60 N

Fig. 2. The eigenvalues ¢y of the norm kernel of $0+10 and ¥0+4Ca,
The forbidden states are indicated by white circles.

forbidden states become vanishingly small, Some of the results are shown in Table II.

The eigenvalues for the each nucleon exchange of the ¥%0+-*°Ca system are calculated
and shown in Table III, As the two nuclei of **Q and *°Ca come near the number of
nucleons exchanged increases, Around the effective range of N~60 it is sufficient to con-
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parity are shown. See also the caption of Table I.

26 28 30 32 34 36 38 ‘ 40 ‘ 42 44 50 56 62 68

~6.60 ) =M STy R 49 L | LU -SR] -hedy =R -26r | -LOL) -l -LI2
18.94 1 1619 ] 1385 | fLed | 1010 8.6l 1.3 6.20 .Y 44l 13 L4} 0.785 1 04l
ST <193 1899 | =ML LI | -85 D 65T | <00 | BT -Ree ) -LA8 § —0.457 | ~0 168 | -5.842
SLO6 ¢ 262 1600 1036 110 L8 3.2 .18 Lo 0950 0.5 6237 1412 1918
=005 ) -1LM ) Tl A4 D63 -LS4 ) -0.886 | -0.503 | —0.280 | -0.185 | <2362 | 3163 | -T% ) 4058
§.20 L0 .18 LIO| 0538 | 0259 | 0020 ] 561 492 | LOYEL O TOIt | LATS | LSS [ LIE7
<103 0860 f 0354 | -0.MD | SRR <0002 | -TA63 | -DAT L 8224 —L6st | -T 406 | 1637 [=LOT® |~.6011
0.0 | &T9EL 692 LTS LAB | ST LME| L5 6938 | 1485 LI38 | £.52M%| 2.99%8| | 1415
-LG0E | <3438 -6t L 19t -L96S | L9088 | -4 15T <5468 | -6.769 | -T.94%0p -0,7313) -§.5316| -5 7519/ -3, |22
LU NS LIS L& | LUB | G780 LITIN 1931 01814 £09%5| 23191 [.15°3] 375281 9.7383
=418 | 58000 -6.0312 S.4414) -L018| -LSRU8| —148%0) -7.6723) -1,6525) -L61%7| -0.5435) ~3.6842| - 0349|2057
L7 LI LTIl s Ip o g0gtel  LOTAS| L23YTL LATRS| L3R L0323)  4.35%0| [ 1436| 2.1043| 2.95%0
L4 | 6168 ) L3s ) L92F | L18 | L1691 L4210  L36RL  9,2513) 5764 9.2718| 9.3522| §.49%6) 34730
=Lo15 | ~L9 | -6 LS| LS LT OLOTT) LB LM LT L7t f015| 5.4718) 5402
4685 | 205 -gSS | -5 TS | -L9SS ) LWT ORI L8P LT 6B 1830 | L[| L.4518) 1738
-1 186 ) 2488 | RO 6207 | -6.377 | <5997 | -L097 | 4908 LIST 3568 ) 1879 | L3110 42412

0.0 0.0 0.0 0.0 0.0 0.0 0.0 35508 | 550850 .24 T.408%)  ALITR| 0.1085 1 0.2356

sider at least three nucleon exchange. If they close together further the number of nucleons
exchanged also increases and in the range of N~40, the first allowed state, five nucleon
exchange effect arises. For the ¥0+3Zr system it is at least necessary to consider six
nucleon exchange effect in the N~56 region. While in the case of the 0-+1'°0 system
it is sufficient to take account of three nucleon exchange in the N~24 region where the
first allowed state occurs. In is found that the number of nucleons exchanged in the first

Table III. The eigenvalues g, of the almost forbidden states for 1¥Q+8%Zr,
Only the eigenvalues of even parity are shown,

N “n N 194

56 0. 6202 X 1078 72 0.2739 X 1072
58 0.2597 X 1076 74 0.5112 X 1072
60 0.2804 X 1075 76 0.8830 x 1072
62 0.1663 X 107 78 0.1429 X 107*
64 0.6846 x 107 80 0.2188 x 107t
66 0.2190 X 1073 82 0.3194 X 107t
68 0.5814 X 1072 84 0. 4476 X 1071
70 0.1336 X 1072 86 0.6051 x 107t
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allowed state region increases as the composite particle system becomes heavier. It is worth
noting that this is related with the appearance of the almost forbidden states,

We have seen in all the systems considerd one nucleon exchange effect is important. It
is interesting if we can know the nucleon exchange between the shell orbits of the nuclei.
For simplicity we consider the a+¥0Q system. The eigenvalue of 7 nucleon exchange is

rewritten as

(%) — n 2 5 " 5 " Nt n~r .7 |
mo =) S ) (7)) o W

where &, =g=] and n—7, 7 mean the nucleon number exchanged from the 0p orbit and
the Os orbit of the O nucleus respectively. The calculated values are given in Table IV.
In the one particle exchange process the exchange from the nucleon in the 0p shell orbit is

Table IV .The eigenvalues py™ for a+180 are shown divided into each shell

orbits. 71, nz mean the nucleon number exchanged from the 0s, 0p orbits

of the %0 nucleus respectively.
1 nz

n N=8§ 9 10 11

(0s)  (0p)

. 0 1 —0.726 —0. 561 —0. 429 -0.324
1 0 —0.200 —0.137 —0. 9442 —0. 649
0 2 0.9121 0. 440t 0. 2061 0. 9452

2 1 1 0,313t 0. 132t 0. 5502 0.227%
2 0 0. 2352 0. 8803 0. 3308 0.1243
0 3 ~(.391¢ —0. 3675 ~0. 3276 —0. 2817

3 1 2 —0.3915 —0.314¢ —0. 2467 —0. 1888
2 1 ~0.1127 —0. 7862 1 0.546° —{. 37510
3 0 —0.9319 —0. 58210 —0, 36411 —0. 22712
0 4 0.621t —0.2821 0. 117t —0. 4612
1 3 —0. 4011 0. 150! —0.536% -0, 1842

4 -2 2 0. 8012 —0.257% 0. 8053 —0. 2463
3 1 —0. 6108 0.1723 —0. 4774 0.131¢
4 0 0.153% —0. 3815 0. 9548 —0. 2388

UNn 0.229 0. 344 0.510 0. 620

greater than that in the Os orbit,
state the exchange process including the nucleons in the Op orbit is the greatest of all.
same situation is seen in the a-4°Ca system and so on. It is therefore desirable to firstly

consider the one nucleon exchange from the outermost shell orbit in the composite particle

scattering.

For any number of nucleons exchanged in the allowed
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§ 3. Concluding remarks

We have studied the composite particle scattering from the viewpoint of nucleon number
exchanged by analyzing the norm kernel. It is found that the almost forbidden states in-
crease as the composite particle becomes heavier and the eigenvalues become rapidly small,
In the ¥O+*%Ca and O+%Zr cases the first eigenvalues are in the magnitude of order
minus five and minus eight respectively. It is also pointed out that the one nucleon exchange
effect is most dominant. As the composite particle becomes heavier nucleon number ex-
changed which makes a significant contribution to the norm kernel increases. By analyzing
the nucleon exchange between shell orbits of the nuclei it is found that the exchange from
the outermost shell orbit is most important. By taking the exchange from the outermost
shell orbit, the OCM will be improved. It is interesting to study further the composite
particle scattering including heavier nuclei systematically with a dynamical treatment of the
Pauli principle® from the viewpoint of nucleon number exchanged.

The author thanks the Data Processing Center, Kyoto University for making him available
the computer system FACOM M-190 on which the numerical calculations are carried out.
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